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Abstract
We investigate relative absolute distance as a calibration criterion for the spatial relative-

risk predictor–corrector framework developed for COVID-19 morbidity data. The analysis 
retains seven observation intervals, the original regression and exponential-smoothing 
components, and the temporal training and forecast structure. Replacing cumulative 
squared-error loss with cumulative absolute relative distance changes the optimal 
smoothing weight from 0.38 to 0.35. The proposed method gives R2 = 0.955787, compared 
with R2 = 0.915 for the earlier method. This is an increase of 0.040787, or approximately 4.08 
percentage points. 

The relative-distance calibration achieved R2 = 0.955787, compared with R2 = 0.915 for 
the previously published squared-error calibration. Both methods were evaluated using the 
same observations and transformation. These fi ndings suggest that the choice of calibration 
criterion infl uences predictive performance. The fi ndings indicate that proportional-error 
calibration can alter the fi tted predictor–corrector balance and improve agreement. Further 
validation on additional periods would strengthen the assessment of predictive performance.

is the loss function used for tuning and corrector selection; 
neither the underlying spatial scan procedure nor the Markov-
chain formulation is redeϐined. We report the optimization 
results, interval-seven forecast errors, and a matched 
comparison with the published coefϐicient of determination. 
We investigate how replacing squared-error distance with 
absolute relative distance affects the smoothing parameter, 
correction-component selection, and seventh-interval 
forecasts. The underlying predictor–corrector framework, 
regression procedure, and exponential-smoothing recursion 
remain unchanged. 

Dat a and forecasting framework
Stu dy data

The source study examined U.S. COVID-19 morbidity over 
seven consecutive intervals between May 24, 2020, and March 
12, 2023. Relative risks were obtained from spatial clusters 
identiϐied by a Poisson spatial scan, with a maximum scanning 
window of 25% of the population at risk and signiϐicance 
assessed using 999 Monte Carlo replications. The present 
analysis uses the same interval-level relative-risk data and 
forecasting structure.

Introduction
Monitoring geographic variation in disease risk is 

central to public-health surveillance. Spatial scan statistics 
identify clusters with elevated or reduced relative risk [3], 
but the estimates obtained from cluster detection do not by 
themselves provide forecasts for future intervals. Iamrache, 
et al. [1] studied a predictor–corrector procedure combining 
an exponentially smoothed estimate with a regression-based 
correction to forecast spatial relative risks over successive 
intervals. Related predictor–corrector estimation of spatial-
cluster relative risks was investigated by Bani-Yaghoub, et al. 
[2].

The choice of calibration loss inϐluences which forecasts 
are preferred. Squared error emphasizes large absolute 
deviations, while a relative-error criterion measures the 
discrepancy as a proportion of the observed risk. When 
risks vary substantially across spatial units, these objectives 
need not select the same smoothing parameter or correction 
component.

This article evaluates a relative-distance calibration of the 
established predictor–corrector framework. The contribution 
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For componentwise calculations, entries must correspond 
to the same spatial units across intervals. Geographic alignment 
is necessary because pairing observations by vector position 
alone does not establish that they represent the same area. 
The relative-distance formula assumes positive observed 
risks. All observed relative-risk values used in the relative-
distance calculations were examined and found to be strictly 
positive. Therefore, the proposed criterion is well-deϐined 
without adding a stabilizing constant to the denominator. 

Pre dictor–corrector specifi cation

Let Ti denote the vector of observed spatial relative risks at 
interval i. The predictor–corrector framework combines the 
most recent observation with a corrected estimate:

 Let Ti denote the matrix of observed spatial relative risks 
at observation interval i, where i = I,…,7. The element Ti (m,n) 

represents the observed relative risk at spatial position 
(m,n). The same spatial arrangement is maintained across 
all observation intervals to ensure correspondence between 
observed and predicted values.

The predictor–corrector framework combines the most 
recent observation with a selected correction component: 

* * * * *
1 = (1 ) , 0 1.k k kT T T                       (1)

The corrected estimate *
kT  is chosen from a multiple-

linear-regression estimate (  kT ) and an exponentially 
smoothed estimate (  kT ). The smoothing component draws on 
exponential-smoothing methods [4]. The smoothing recursion 
is

  11( ) = (1 ) ( ), = 3, ,6.i iiT T T i                            (2)

The recursion is initialized using  2 2=T T , where  2T  comes 
from a linear regression of T2 on T1. For the sixth interval, 
the regression component ϐits T6 using T1 through T5. A 
shifted-predictor regression forecast provides a benchmark 
for interval seven. The smoothing recursion is initialized by 
setting  2 2=T T , where  2T  is obtained from ordinary least-
squares regression of T2 on T1. The ϐitted equation is

 2 1= 0.141345 0.918874 .T T                                    (3)

For the sixth interval, multiple linear regression estimates 
T6 from the ϐive preceding relative-risk matrices. The ϐitted 
regression equation is

 6 1

2 3

4 5

= 6.173355 0.299132
5.566637 0.224237
2.220742 3.353645 .

T T
T T
T T

 
 
 

                   (4)

The regression coefϐicients are estimated using ordinary 
least squares by minimizing the sum of squared residuals 
across corresponding spatial observations. Both the 
regression and exponential-smoothing estimates provide 
candidate correction components, which are compared using 

the proposed relative-distance criterion. The regression ϐitting 
procedure remains unchanged from the original framework.

For each regression model, the coefϐicients are obtained 
by minimizing the sum of squared differences between 
the observed relative risks and their ϐitted values across 
corresponding spatial positions. 

More generally, the use of alternative forecasting schemes 
as benchmarks is consistent with forecast-comparison 
research [5]. The forecasting procedure follows the predictor–
corrector framework introduced by Iamrache et al. (2026). 
The observed relative-risk matrices are denoted by T1, T2,…T7 .
The regression estimate  kT  and the exponentially smoothed 
estimate  kT  are calculated using the same procedures as in the 
original study. The present analysis modiϐies only the distance 
criterion used to determine the optimal smoothing parameter 
and select the correction component. 

Reference calibratio n

The original approach calibrates α by minimizing 
cumulative squared distance between smoothed estimates 
and observed relative risks over intervals three through six: 

2
SSE

=1
( , ) = ( ) .

n

j j
j

d A B A B                   (5)

Using the relative-risk matrix notation, the reference 
squared-error distance is written as

 2* *
SSE ( , ) = ( , ) ( , ) .i i i i

m n
d T T T m n T m n                                     (6)

 
6

*
SSE SSE

0 1 =3
= argmin ( ), .i i

i
d T T


 

 
                  (7)

The published analysis reported *
SSE = 0.38 . The proposed 

calibration retains the same forecasting components and 
training intervals but changes the distance criterion. 

Relative-distance methodo logy
Relative absolute distanc e

The present study introduces absolute relative distance 
as the calibration criterion for the predictor–corrector 
forecasting procedure.

In contrast to the squared-error criterion, which evaluates 
absolute prediction discrepancies on a squared scale, relative 
distance measures prediction discrepancies in proportion to 
the observed relative risks.

For the predicted relative-risk matrix *
iT  and observed 

relative-risk matrix Ti, the distance is deϐined by 
*

*
REL

| ( , ) ( , ) |( , ) = .
| ( , ) |

i i
i i

m n i

T m n T m nd T T
T m n

                    (8)

Here, *( , )iT m n  represents the predicted relative risk at 
matrix position (m,n), and Ti (m,n) denotes the corresponding 
observed relative risk.
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The proposed criterion aggregates componentwise 
absolute relative errors. Consequently, the total distance is 
not restricted to the interval [0,1] and may exceed one.

All observed relative-risk values used in the analysis 
were checked and found to be strictly positive. Therefore, 
the distance is well-deϐined without adding a constant to the 
denominator. 

Unlike an average relative error, this criterion is the sum 
of the relative errors across all matrix entries. Consequently, 
the total relative distance is not restricted to the interval [0,1]
and may exceed one.

All observed relative-risk values used in the present 
analysis were examined and found to be strictly positive. 
Therefore, the denominator is nonzero for every observation, 
and no adjustment to the denominator is required.

For paired forecast and observed vectors A and B, with Bj > 0,
deϐine the relative absolute distance as

REL
=1

| |
( , ) = .

| |

n
j j

j j

A B
d A B

B


                  (9)

Relative distance weights each absolute error by the 
magnitude of its observed risk. For example, a discrepancy of 
0.5 corresponds to a 50% relative error when the observed 
risk is 1, but only 10% when it is 5.

All observed relative-risk values are strictly positive, so the 
relative-distance criterion is well-deϐined for the study data. 

Calibration of the smoothing w eight

The smoothing parameter is chosen by minimizing 
cumulative relative distance over the same four calibration 
intervals used by the reference approach:

 
6

*
REL REL

0 1 =3
= argmin ( ), .i i

i
d T T


 

 
                 (10)

The numerical implementation evaluates α on the grid 
0.00,0.01,...,0.99. The smoothing parameter is calibrated over 
the closed interval [0,1]. The numerical search evaluates, 
α = 0.00,0.01,...,1.00, including both endpoints. Thus the 
reported optimum is a grid optimum rather than a claim of 
continuous global optimality. A ϐiner search could assess the 
stability of the selected value. 

Selection of the correction compon ent

After estimating α∗
REL, compare the sixth-interval 

regression and smoothing candidates using the same relative-
distance criterion. The regression candidate is selected when 
its distance is smaller; otherwise smoothing is selected:

  


6 6 6* REL 6 REL 6

6
6

, ( , ) < ( , ),
=

, otherwise.

T d T T d T T
T

T





              (11)

The forecast for interval seven is then

* * * *
7,REL REL 6 REL 6= (1 ) .T T T                     (12)

The regression and exponential-smoothing candidates are 
compared using the observed relative-risk matrix from the 
sixth interval.

The candidate with the smaller absolute relative distance 
is selected as the correction component.

The seventh observation interval is excluded from both 
smoothing-parameter calibration and correction-component 
selection and is used only for forecast evaluation.

The sixth observation interval serves as the ϐinal calibration 
interval because it is the most recent observed interval 
available before forecasting interval seven. The regression 
and exponential-smoothing candidates are evaluated using 
the observed relative risks from interval six.

The seventh observation interval is reserved exclusively 
for forecast evaluation and does not inϐluence parameter 
calibration or correction-component selection. 

This modiϐication affects calibration and corrector 
selection. The regression component itself remains an 
ordinary-least-squares model; it is not reϐitted using a 
relative-error regression objective.

Computational algorithm.

The complete forecasting procedure is summarized in the 
following steps. 

1. Obtain the observed relative-risk matrices T1,...,T6.

2. Estimate  2T  using ordinary least-squares regression of 
T2 on T1.

3. For each candidate smoothing parameter α, initialize 
 2 2=T T  and recursively calculate  ( )iT   for i = 3,...,6.

4. Calculate the cumulative relative-distance objective 


6

REL
=3

( ) = ( ( ), ).i i
i

D d T T 
5. Select the parameter α∗ minimizing D(α).

6. Estimate  6T  using multiple linear regression of T6 on 
T1,…,T5

7. Compare the regression and smoothing distances from 
T6. Select the candidate with the smaller distance as T*

6.

8. Compute the seventh-interval forecast: 

* * * *
7 6 6= (1 ) .T T T  

9. Evaluate the forecast using the observed matrix T7, 
which was not used for calibration. 

Evaluation design and results
Forecast evaluation

 The smoothing weight and correc tion component are 
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selected using information through interval six. Interval 
seven is reserved for forecast evaluation. Forecast accuracy 
is summarized using total absolute relative distance and R2.

Let yj and  jy  denote the observed and predicted relative 
risks for matched spatial observation j, where J = 1,…,N. 
Forecast accuracy is assessed using the following error 
measures: 


=1

1MAE = | |,
N

j j
j

y y
N

                (13)

 2

=1

1RMSE = ( ) ,
N

j j
j

y y
N

                               (14)



=1

| |1MARE = .
| |

N
j j

j j

y y
N y


                    (15)

Here, N denotes the number of spatial observations used 
for forecast evaluation, yj denotes the observed relative risk, 
and jy  denotes the corresponding predicted relative risk at 
spatial position j.

The MAE and RMSE are computed on the original relative-
risk scale, whereas MARE measures the average absolute 
prediction error relative to the observed risk. 

The coefϐicient of determination is computed across the 
spatial observations using 

2

=12

2

=1

( )
=1 ,

( )

N

jj
j
N

j
j

z z
R

z z












                (16)

Where zj and ˆ jz  represent the separately standardized 
logarithms of the observed and predicted relative risks, 
respectively, and z  denotes the mean of the standardized 
observed values. 

The coefϐicient of determination is evaluated across 
corresponding spatial observations in the seventh interval.

The observed and predicted relative risks are 
logarithmically transformed and standardized separately 
before calculating R2.

The same transformation and evaluation procedure 
are applied to both calibration approaches to ensure 
comparability. 

Optimization results

The initial regression of T2 on T1 gave  an intercept of 
-0.141345 and slope of 0.918874. The cumulative relative-
distance objective reached its grid minimum at α∗ = 0.35, 
with value 16.745848. The neighboring objective values were 
16.747480 at α = 0.34 and 16.757976 at α = 0.36. 

At α = 0.35; the interval-speciϐic smoothing distances 
were 6.023482 for T3, 3.853101 for T4, 3.060555 for T5, and  
3.808710 for T6. At interval six, the regression candidate 
achieved relative distance 3.512698, smaller than the 
smoothing distance of 3.808710. Accordingly, regression was 
selected as the correction component.

The ϐitted interval-six regression coefϐicients were 
- 6.173355 (intercept), - 0.299132 (T1), 5.566637 (T2), 
-0.224237 (T3), - 2.220742 (T4), and 3.353645 (T5). The 
resulting interval-seven forecast is

*
67,REL 6= 0.35 0.65 .T T T                            (17)

Interval-seven performance

For interval seven, the predictor–corrector forecast 
achiev ed a total absolute relative distance of 3.636899. 
Smoothing alone yielded 5.103426, and the shifted-regression 
benchmark yielded 48.822687. The proposed method 
achieved R2 = 0.955787.

The predictive performance of the proposed relative-
distance calibration approach was evaluated using the 
seventh observation interval, which was reserved for forecast 
assessment.

The coefϐicient of determination, calculated using 
standardized logarithms of the observed and predicted 
relative risks, was R2 = 0.955787 (Figure 1).

On the original relative-risk scale, the mean absolute error 
was MAE = 0.491890, and the root mean squared error was 
RMSE = 1.573545.

The mean absolute relative error was MARE = 0.097350, 
corresponding to 9.7350%.

These results summarize the predictive accuracy of the 
proposed predictor–corrector approach for the seventh 
observation interval. 

The observed and predicted relative-risk values for the 
seventh observation interval, together with the calibration 
objective values for all evaluated smoothing parameters, 
are provided in the Supplementary Material to facilitate 
independent veriϐication and reproducibility. 

Numerical comparison (Table 1)

 Both calibration approaches were implemented using 
the same dataset, spatial units, regression and exponential-
smoothing procedures, and forecasting framework.

The only modiϐication was the distance criterion used for 
parameter calibration and correction-component selection.

Both approaches were evaluated using the same seventh-
interval observations and the same deϐinition of R2, calculated 
from separately standardized logarithmic relative risks.
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The squared-error calibration yielded R2 = 0.915, 
whereas the proposed relative-distance calibration achieved 
R2 = 0.955787.

This corresponds to an increase of approximately 4.08 
percentage points in the coefϐicient of determination. 

Sensitivity analysis

The sensitivity of the proposed relative-distance 
calibration was exa mined by varying the resolution of the 
smoothing-parameter search grid.

The original grid with increments of 0.01 yielded an 
optimal smoothing parameter of α∗ = 0.35. Reϐining the grid 
to increments of 0.001 produced α∗ = 0.351, while a ϐiner 
increment of 0.0001 yielded α∗ = 0.3518.

These results indicate that the selected smoothing 
parameter is relatively stable with respect to grid resolution. 
The search included both endpoints, α = 0 and α = 1, and 
neither endpoint minimized the calibration objective.

All observed relative-risk values in the present study were 
strictly positive, ensuring that the proposed relative-distance 
criterion was well-deϐined without requiring any adjustment 

to the denominator. Although no zero denominators occurred 
in this application, the inϐluence of very small positive relative-
risk values may be investigated in future studies.

Discussion
The analysis demonstrates that the loss function is 

a substantive modeling choice in  spatial relative-risk 
forecasting. Squared error assigns increasing weight to large 
absolute deviations, whereas absolute relative distance 
measures proportional discrepancies. These criteria may lead 
to different parameter values even when the regression and 
smoothing structures and input observations are unchanged.

For the present data, relative-distance calibration selected  
α = 0.35 instead of the previously reported squared-error 
weight of 0.38. The regression component was preferred to 
exponential smoothing at interval six. The resulting predictor–
corrector forecast had a lower total relative distance on 
interval seven than either of the two reported individual 
benchmark forecasts.

The proposed method achieved R2 = 0.955787, compared 
with R2 = 0.915 for the earlier method, an increase of 0.040787 
(4.08 percentage points).

The relative-distance calibration yielded a reported 
coefϐicient of determination of R2 = 0.955787. A direct 
comparison with the previously published coefϐicient of 
determination requires the same spatial observations, 
evaluation transformations, and deϐinition of R2. The difference 
supports improved agreement for the reported evaluation, 
although additional test periods and error measures would 
strengthen the comparison.

Relative-error objectives also deserve care when observed 
values are very small, because their contributions may 
become disproportionately large. Moreover, the correction 

Figure 1: Relative-distance calibration and forecasting performance: (a) cumulative relative-distance objective with α* = 0.35; 
(b) observed versus predicted values with R2 = 0.955787.

Table 1: Comparison of reported calibration and evaluation results.
  Measure  Published calibration  Relative-distance calibration 

Calibration loss  Squared error  Absolute relative distance 
Optimal α  0.38 0.35

Reported  kT  0.915 0.955787 

R2 difference  — +0.04787

Table 2: Sensitivity of the optimal smoothing parameter to grid resolution.
  Grid step  Optimal α  Minimum objective 

 0.01  0.3500  16.745848 
0.001  0.3510  16.745710 

0.0001  0.3518  16.745603 
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component is selected using its sixth-interval ϐit, and the 
empirical forecast assessment centers on a single held-out 
interval. Evaluations across additional temporal splits and 
explicit paired comparisons under several losses would 
provide stronger evidence of predictive robustness. 

Conclusion
We presented a relative-distance calibration of an 

established spatial relative-risk  predictor–corrector 
forecasting procedure. The modiϐication preserves the 
regression and exponential-smoothing components while 
selecting the smoothing weight and correction component by 
absolute relative distance. The estimated smoothing weight 
was 0.35, and regression was selected as the sixth-interval 
correction component.

The proposed method achieved R2 = 0.955787, compared 
with R2 = 0.915 for the earlier squared-error calibration.

The seventh-interval forecast also yielded MAE = 0.491890, 
RMSE = 1.573545, and MARE = 9.7350%.

These ϐindings suggest that the choice of calibration 

criterion can inϐluence forecasting accuracy within the 
predictor–corrector framework. 

The interval-seven forecast attained total relative distance 
3.636899. The proposed method achieved R2 = 0.955787, 
compared with 0.915 for the earlier squared-error calibration. 
These ϐindings support further study of proportional-error 
objectives for spatial risk prediction.
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